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1 Introduction

Fewnomial theory began by establishing (finite) upper bounds on the number of real non-degenerate roots
of any n X n system of real polynomials, solely as a function of n and the number of distinct exponent
vectors in the underlying monomial term expansions. Khovanski and Sevastyanov proved the first explicit
bounds around 1980 [5, 6], and then an analogue over the p-adic rationals, Q,, (with p € N prime) was
found by Denef and van den Dries around 1988 [3, Sec. 3.4]. However, explicit bounds over Q, are known
only when n =1 ([3, Sec. 3.5], [8, Thm. 2 & pg. 279]), or when n>2 and the underlying zero sets satisfy
a very restrictive condition: tropical genericity (with respect to p) (see [11] and below). We give the first
explicit upper bounds over Q, (for p>n+ 1) for a broad class of tropically non-generic systems with n + 2
exponent vectors, where no bounds had been available before: See Theorem 1.5 below. Let us first review
the simplest systems over R and Q,.

1.1 Simplex and Circuit Systems

The analogies between real and p-adic fewnomial theory are still not completely understood, but a good
starting point is to define a p-adic analogue of how the positive ray R, is embedded in C: We let Q4 :=
ez P (1 +Zy), ie., the set of p-adic rationals with most significant digit 1. For any field K we let K*:=K \ {0}.
Just as (R*)™ can be partitioned into 2" cosets of the subgroup R}, (Q;)" can be partitioned into (p —1)"
cosets of the subgroup Q) , and we focus on counting roots there to simplify matters.

Definition 1.1. Let A = {a1,...,a;} C Z" where aj=(aij,...,an ) for all j, and set % = x[fl’j o™
IfF=(f1,....fn)e(K [xid, ce xﬁl])n, with fi(x) = 2221 ¢ jx% for all i, andt is the number of distinct
exponent vectors in the monomial term expansions of fi, ..., fn, then we call F' a t-nomial nxn system (over
K) supported in A. We call a root (=((1,...,¢,) € K™ of F non-degenerate if and only if the Jacobian

matrizc {ggﬂ 1s invertible, and let N;;’n (resp. N&n) denote the mazimal number of non-degenerate

£=
roots of F' in Qj’j# (resp. R ), over all t-nomial n x n systems F over K, assuming K = Q, (resp.
K =R). Finally, we let C, denote the p-adic complex numbers [10] and we say a condition P(z1,...,2N),
depending on parameters zi, ..., zn € Cp, is generic (or generically true) if and only if there is a polynomial
QeCplzt,...,2n] \ {0} such that Q(z1,...,28)#0 = P(z1,...,2nN) is true. ¢

Remark 1.2. We will assume throughout that A does not lie in an affine (n — 1)-plane. This is true
generically, and implies t >n + 1 as well. Our assumption on A is a simple way to ensure that, under a
generic choice of [c; j], any roots of F' in (C,)" are non-degenerate. o

The cases t=n + 1 and t=n + 2 are respectively known as the simplex case and the circuit case. We
will focus on the circuit case, but it will be helpful to recall the simplex case briefly.

Proposition 1.3. [4] We have Ngﬂ’nzmax{l, 4 —p}™. In particular, if F is a simplex system with only
finitely many roots in Qp ,, then all its roots in Qp | are non-degenerate. W
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The analogous statement over Ry is simpler: N = 1, and the final assertion on non-degeneracy
continues to hold over R;. (See, e.g., [12].) The aforementioned bounds in the simplex case are tight,
both over R and Q, 4 for all prime p: F'= (x% —1,...,22 — 1) attains the respective bounds over R, and
Q2+ (=Q2), while F = (le’_l —1,...,271 — 1) attains the bounds over Qp,+ for all p>3. Moreover, the
maximal finite number of roots in (R*)" (resp. (Q,)") for a simplex system over R (resp. Q) is 2" (resp.
max{2,p — 1}"). The preceding examples also attain these bounds.

For the circuit case over R we have N25™>™" =n + 1 [1]. However, for circuit systems over Qp, we only
know Ny %" >pn 41 [9, Thm. 1.6], and Ny ™" < 0o [3, Sec. 3.4]. For tropically generic n x n circuit
systems, we can prove an upper bound of n + 1 for the number of non-degenerate roots in Qp [9, Rem.
1.7 and Sec. 3.1]. Briefly, we define the p-adic tropical variety of f;, Trop,(fi), to be the Euclidean closure of

{(Ordp (1. 0rdy Cn) | fi(Q)=0 and (€ (C;)n}v
in R™, where ord, : C, — Q denotes the p-adic valuation map [10] which satisfies ord, p=1 [9]. We then
call I tropically generic (with respect to p) if and only if Trop,(f1),. .., Trop,(f,) intersect transversally,
i.e., at any v€Trop,(f1) N ---NTrop,(fs) the underlying tangent spaces of the Trop,(f;) intersect at just
1 point. (That Trop,(f;) is piece-wise linear is a fact due to Mikhail M. Kapranov, from around 2000.)

Example 1.4. Consider the system F:=(1+ x1 + z2,1 + 3x1 + 922). Clearly, F has the unique rational
root (= (C1,C2)=(—4/3,1/3). It is not hard to see that when p=3 (resp. p>5), Trop,(f1) and Trop,(f2)
intersect transversally (resp. non-transversally), as drawn below:

p=3 p>5

In particular, in the right-hand illustration, the tangent spaces intersect at just one point only when v =
(0,0), and intersect in a 1-dimensional subspace otherwise. More to the point, the intersection of Trops(f1)
and Trops(fa) at (—=1,—1) correctly predicts (ordz(—4/3),ords(1/3)). However, for p > 5, Trop,(f1) N
Trop,,(f2) merely contains, and does not predict, (ord,(—4/3),0rd,(1/3))=(0,0). ©

1.2 Our Main Result

With the goal of finding an explicit upper bound for N’ A we propose a hypothesis which, unlike tropical
genericity, holds with high probability as p — oco. Our main result makes use of a particular univariate
reduction, called a Gale Dual Form, for any n x n circuit system F over Q,. (We note that the Gale Dual
Form was originally used in [2] over R and C, and we are modifying it slightly for use over Q, and C,.)
To describe this reduction, first let AeZmtD)*(+2) 1o the matrix with ith column the transpose of (1,a;)
(which has rank n + 1 thanks to our earlier assumption on A), and let be Z("+t2*1 be any generator for
the right nullspace of A such that the coordinates of b have gcd 1. By dividing each f; by z%+2, we may
assume a2 is the origin O. Via row reduction on the monomials of F' we may assume that, for generic
coefficient matrix [¢; j], we have F'= (2% — vy 12"t — y10,...,2% — yp12%+1 — 4, 0) for some ; ; €Qy.
We then call the rational function g(u):=—1 4 w1 [ (vi1u + 7i0)% a Gale Dual Form of F, and set
Yn+1,1:=1 and yp41,0:=0 as well.
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Setting u=x"*1 it is not hard to show that the number of non-degenerate roots of g in Q), is exactly
the number of roots of F' in (Qy)", provided all n x n sub-matrices of the coefficient matrix [c; ;| are
invertible. This is true generically, but a slightly stronger assumption, and some additional algebraic work,
ultimately yields our main theorem:

Theorem 1.5. Suppose peN is a prime with p>n+1 and F is an n x n circuit system F over Q, with
Gale Dual Form g(u):=—1+ ub+ [, (viau + 7i0)% such that

(a) vij#0 for all (i,7)€{1,...,n} x {0,1} and

(b) {=vio/vi1 | bi >0andie{l,...,n+1}} N {—vio/vi1 | bi <0andi e {1,...,n+ 1}} mod p is
empty. Then F' has no more than 2n+ 2 non-degenerate roots in Qy . In particular, Hypothesis (a) holds
generically and, for fived F', Hypothesis (b) holds for all p sufficiently large.

Example 1.6. Consider the (disjoint) sets of rational numbers {%, % and %, %, %}. Then for
p <397 prime, we can have one of the preceding fractions cease to be well-defined and/or have the sets
intersect mod p. For instance, the mod 3 reductions of these sets are respectively {2,0} and {0,1}, which

intersect. However, for prime p>397, the mod p reductions of our two first sets remain disjoint. ¢

The proof of Theorem 1.5 is based on the p-adic root counting techniques from [13, Lemma 2.18], which
in turn use a tree-like data structure from [7] to encode roots of polynomials in Z/(p*). In future work, we
hope to remove Hypotheses (a) and (b) and at last give an explicit upper bound for Ny 20 at least for
p>n—+ 1.

There are in fact simple examples violating Condition (b), already for n=1:

Example 1.7. Consider g(u) :=u'"(10u — 738)~! — 1 and p=3. Then the mod 3 reductions of the sets
from Condition (b) reduce to {0} and {0}. It also happens to be the case that g is the Gale Dual Form for
2% — 10z + 738, which has exactly 4 roots in Qs+ (easily verifiable via, say, Maple). ©

1.3 Proof Overview
Let F), denote the finite field with p elements.

Definition 1.8. A root ¢ € F, of a polynomial f € Fp[x1] is said to have multiplicity m if and only if
(21 — Q)™ divides f but (x1 — ()™t does not. o

The following lemma is the key to our proof.

Lemma 1.9. In the notation of Theorem 1.5, if Conditions (a) and (b) hold for the Gale Dual g, and
p>n+ 1, then the multiplicity of any root (€F, of g is at most n + 1.

Succinctly, the techniques from [7, 13] imply that we can bound from above the number of roots of g in
Qp,+ by the sums of the multiplicities of the roots 0 and 1 of the mod p reduction of g. So our main
theorem then follows easily from Lemma 1.9.

To prove Lemma 1.9 we need a technical lemma concerning the derivatives of slight variants of our
Gale Dual Forms.

Lemma 1.10. Let f(x) = H:L:Jrll(x + a;)b where oy € Q and b; € 7 for each i. Then for each integer

k > 1 we have that
k—1

. E—1 A
(k) — ki 1)) O, @
PO =S i Yo
where
n+1 b,
QO = S —
L )

In the full version of this paper (currently in progress), we will provide all missing proofs, and further
elaborate the tree-like data structure that helps us encode roots in Z,,.
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